In this paper, we report our extensive investigations of layered superconductors within a continuous Ginzburg-Landau model. The calculated results suggest that the parallel upper critical field generally increases with the transition temperature and may be correlated with the behaviours of the order parameters. The calculated upper critical fields of MgB 2 are in reasonably good agreement with experiment. The obtained order parameters of MgB 2 , YBCO and Hg1223 respectively demonstrate a three-dimensional, quasi-three-dimensional and two-dimensional behaviour, as expected.
Introduction
Various superconductors are found to possess layered structures although they can be oxides, metallic or organic. The layered superconductors can be divided into two categories: high T c superconductors (HTSs) and low T c superconductors (LTSs). Among these layered superconductors, it is interesting to investigate the behaviours of the parallel upper critical field B c2 at different temperatures (including 0 K). The behaviours and their correlations with the corresponding Ginzburg-Landau (GL) order parameters may shed some light on understanding the mechanism of superconductivity.
However, it is extremely difficult to systematically study the parallel B c2 in experiments, which is mainly due to lack of ultra-high magnetic fields and good single crystals. Fortunately, a continuous Ginzburg-Landau model (CGL) [1, 2] is a numerical complement suitable for a systematic study of B c2 among layered superconductors. Moreover, the strengths of the GL theory are well acknowledged. Hence, in this paper, we will examine the behaviours of the parallel B c2 at different temperatures within a CGL model [2] . Several kinds of layered superconductors such as MgB 2 [3] and cuprate oxides will be used as the modelling objects.
The paper is organized as follows. In section 2, a brief description of the CGL formulations and the framework of our approaches to obtaining B c2 [4] is given. In section 3, the determinations of the model parameters are shown. Results and discussion are presented in section 4.
Theoretical framework
In the CGL model [1, 2] , the coefficients in the GL free energy are assumed to be spatially dependent and periodic in the direction perpendicular to the layers. As a result, the amplitude of the order parameter varies. At weakly superconducting layers, the order parameter may be extremely small, corresponding to a weakly linked layer system similar to the Lawrence and Doniach (LD) model [5] . In contrast, when the spatial dependence is neglected, the CGL model is reduced to the anisotropic GL (AGL) model. Hence, the CGL model may approach the limiting cases of the LD and AGL models [1] and may be applicable to layered superconductors with arbitrary strength of interlayer coupling [1, 2] .
The unit cell for our simulations of layered superconductors within the CGL model is composed of alternating superconducting (S) and insulating (I) layers (for convenience, we refer to the weakly-superconducting or non-superconducting layers as the insulating layers) [2] . Taking the z-axis along the direction perpendicular to the layers, and applying an external magnetic field B along the y-direction, the CGL equation may be written as [1, 2] ,
where α(T , z) is the condensation coefficient; M(z) and m(z) are the perpendicular and parallel effective masses, respectively; and D is the thickness of the unit cell. Note that the origin of the z-axis is in the middle of the I layer, hence, the centre of the S layer is located at z = D/2. The coefficients in equation (1) may be given by [2] 
where T is the temperature 1 . The determinations of the parameters α 0 , α 1 , G 0 , G 1 , g 0 and g 1 will be given in the next section. For a given temperature T , the maximum magnetic field B which satisfies equation (1) gives a point on the B c2 -T curve. Equation (1) will be numerically solved subject to the following conditions,
These conditions are periodic for bulk layered superconductors. The zero derivative condition (equation (3b)) may be applicable to thin films [8] and ferromagnetic materials [9] . A brief description of our approaches to computing B c2 is now given and the details will be reported elsewhere. Equation (1) , with the boundary conditions incorporated, may be discretized as [4] UΨ = 0
where U is a matrix after the discretization and Ψ is the discretized solution of equation (1) . For non-trivial solutions, the determinant of U should be zero. It was found that the zero determinant may lead to the following eigenequation from which the maximum eigenvalue may yield the upper critical field [4] ,
where P is a matrix and Φ is the eigenfunction of the matrix 2 . Following the same idea that B c2 may be directly obtained as an eigenvalue problem, we find that equation (1) can be discretized into the following eigenequation, from which B c2 can again be directly determined [4] ,
1 Note that the GL theory is not valid at low temperatures. To analyse B c2 in this region it is necessary to use the de Gennesndash-Werthammer formulation (for example, see [6] ). However, to understand the qualitative properties of B c2 one may use this theory (for example, see [7] ). Note also that for dirty materials, the linearized GL equation may be extended to low temperatures; see [8] . 2 In [10] , B c2 is also obtained through a determinant equation; see equation (30) in this reference.
where Q is a matrix 3 . When the number of the discretization meshes is large, B c2 and the associated order parameters obtained from equation (6) were found to agree with those obtained from equations (5) and (4) [4] . In this paper, equation (6) is used for the calculations.
Determinations of model parameters
The average effective masses may be normalized as [12] M ⊥ m 2 = 1
where the notations and ⊥ denote the directions parallel and perpendicular to the layers, respectively. The ratio of M ⊥ to m is the anisotropy parameter and can be written as the following equalities,
where ξ ab and λ ab indicate the in-plane coherence length and penetration depth, respectively. ξ c and λ c are the corresponding out-of-plane quantities. M ⊥ and m can be determined from equations (7) and (8) . (2) may then be rewritten as
ε M and ε m are found to be related to the parameters ν M and ν m in the model of Koyama et al (see equations (5) and (4) in [1] ) and can be determined by fitting the calculated B c2 (0 K) to that of the experiment. Moreover, ε M and ε m may give information about the relative amplitudes of the average masses within the different layers (equations (10)).
Having determined M ⊥ and m , one may estimate the average condensation parameters within a given layer, α I and α S , through the following relation [13] ,
where B c is the thermodynamic critical field, M is the average mass (M ⊥ or m , corresponding to α I and α S , respectively), and λ is the average penetration depth. B c and λ are respectively given by
where 0 is the flux quantum and the subscript i identifies a particular principal axis (assuming small in-plane anisotropy,
Integrating equation (2a) and setting it to the estimated α I and α S yields the two respective equations,
These are used to determine α 0 and α 1 .
Results and discussion
The various layered superconductors to be considered in this [15] as the I layer, the thickness of which is estimated as 2.42 Å [16] . The c-axis parameter is from [16] with T c , the coherence lengths and the penetration depths from [17] . The average, 1 2 [(ξ ab /ξ c ) 2 NbSe 2 is of the 2H-NbS 2 structure with c = 12.5444 Å [14] . According to the structure, one has D = c/2. The thickness of the S layer may be approximated as two times the Nb 4+ effective radius [18] . Hence,
T c , the coherence lengths and the penetration depths are taken from [19] .
For the layered organic superconductor κ-(ET) 2 -Cu(NCS) 2 , the a-axis would correspond to the usual c-axis [20] since the plane perpendicular to the a-axis is the most conducting. The in-plane coherence length ξ ab (our notation) is estimated by ξ b and ξ c of the superconductor [21] as
The corresponding out-of-plane coherence length and the inplane penetration depth are from [21] and [22] , respectively. is calculated by the ratio of the in-plane coherence length to the out-of-plane coherence length. The out-of-plane penetration depth is obtained by the calculated and the cited in-plane penetration depth (cf equation (8)). T c and the a-axis parameter are taken from [14] with d S ∼ 15.2 Å [23] . T c , c and of NCCO are from [14] . ξ ab = 80 Å and λ ab = 1000 Å [24] . d I is chosen as two times the distance between Nd and O 2 [14, 25] .
The newly discovered superconductor magnesium diboride (MgB 2 ) is a non-copper, non-oxide and non-C 60 based compound but still has a high T c (39 K) [3] . The superconductor crystallizes in the AlB 2 structure, which consists of alternating hexagonal layers of Mg atoms and graphite-like honeycomb layers of B atoms. The thickness Table 1 . Transition temperatures, thickness of the unit cell and the insulating layer, coherence lengths and penetration depths parallel to (ξ ab , λ ab ) and perpendicular to (ξ c , λ c ) the layers, and anisotropic ratios of different layered superconductors. See text for details. of the S layers (which are the B layers [26] ) is approximated as two times the B 3+ effective radius [18] . is estimated from the average Fermi velocities and the plasma frequencies [26] . The coherence lengths and the penetration depths are estimated from the work of Finnemore et al [27] and equation (8) .
LSCO, Bi2212, Bi2223 and Tl2223 are body-centred while YBCO and Hg1223 are aligned. The transition temperatures of these superconductors are taken at their wellknown values (for example, see [13] ) and the values of the c-axis parameters are from the handbook. The coordinates that are used to estimate the thickness of the S layers of LSCO, Bi2212, Bi2223 and Tl2223 are taken from [28] . The CuO 2 layer in the LSCO unit cell forms a sheet, and the effective d S may be approximated as twice the distance between Cu and O 2 [28] . However, studies on Sr 2 CuO 2 F 2+δ [29] and (Ca, Na) 2 CuO 2 Cl 2 [30] have shown that the apical atoms do not play a significant role in the superconductivity. Hence, for the superconductors with more than one CuO 2 layer in a unit cell, we treat the region between the two outside CuO 2 layers as the effective superconducting layer. The layer thickness of such a region is twice that between Cu and Ca in Bi2212, twice that between Cu 2 and Y in YBCO, and twice that between Cu 2 and Cu 1 in Bi2223 and in Tl2223 [28] . Note that similar treatments have also been adopted in [14] , in which the regions between the two outside CuO 2 layers are considered as 'conduction' layers.
The coherence lengths, the penetration depths and the anisotropy ratios of LSCO and YBCO are taken from the handbook. For Bi2212, we take ξ c = 1 Å [31] , λ ab = 2600 Å [32] , and ∼ 3 × 10 3 [33] ; for Bi2223, the coherence lengths and are taken from [34] with λ ab from [35] ; for Tl2223, the penetration depths and are taken from [36] with ξ ab from [37] . Data on Hg1223 are from the handbook. Note that equation (8) has been used to obtain the noncited coherence lengths and penetration depths of the studied cuprates (see table 1 ).
For each simulation of the superconductors in table 1, ε M and ε m (equations (10)) are chosen to correspond to the fixed ν M (0.9) and ν m (0.5) in the model of Koyama et al [1] so that the different physical and structural parameters of a certain superconductor may reveal their significance. In fact,
Hence, ε M and ε m are closely related to the physical and structure parameters. The calculated results of B c2 at zero temperature for the different layered superconductors are presented in figure 1 . It can be seen that B c2 generally increases with T c . We fitted the calculated data by a relation B c2 = f 1 T 2 c (as shown by the full curve) and obtained f 1 = 0.5, which is larger than 0.029 for Sr 2 RuO 4 with different T c (caused by different defects) [38] . The largeness is physically plausible since the investigation here considers the parallel B c2 while the study in [38] considers the perpendicular B c2 . The dotted line in figure 1 corresponds to a linear fit B c2 = f 2 T c . The fitting parameter f 2 is found to be larger than that in the paramagnetic limit [39] , which is consistent with the fact that many useful type II superconductors have B c2 > B p (paramagnetic limit) [8] . Note, however, that due to the phenomenological foundation of the GL theory, any firm conclusion should be cautiously drawn. Nevertheless, the calculated trend shows an interesting feature: we find that the increasing trend observed in figure 1 is quite consistent with the AGL prediction (B c2 = 0 /2πξ ab ξ c ), although our data are generally larger. Presented in figure 2 are the order parameters at zero temperature for the different superconductors. It can be seen that the HTS order parameters, particularly those in the middle four plots (Bi2212, Hg1223, Bi2223 and Tl2223) are localized in the S layers, hence demonstrating a two-dimensional feature. These order parameters can be fitted with a Gaussian function, as we have found before [2, 4] . As for LTSs (Sr 2 RuO 4 and NbSe 2 , inset of figure 2), the order parameters are fairly constant, suggesting a three-dimensional behaviour.
The out-of-plane coherence length ξ c (=ξ ab / in the AGL model) should be an important parameter that affects the shapes of the order parameters. Nevertheless, the extremely anisotropic, but three-dimensional behaviour in Sr 2 RuO 4 may be rationalized as follows: the large anisotropy of Sr 2 RuO 4 ( = 667) would correspond to a small m and hence a high condensation energy in the S layer (equation (12)), leading to a large order parameter in the S layer (cf figure 5 in [2] ). However, the large in-plane coherence length of Sr 2 RuO 4 (ξ ab = 1050 Å. λ ab is comparable with those of the other superconductors, see table 1) would correspond to a small thermodynamic critical field (equation (13)) and hence a small average condensation energy (equation (12)), leading to a small order parameter in the S layer (cf figure 4 in [2] ). Sr 2 RuO 4 , having the extremely anisotropic but threedimensional feature, is thus seen to be due to a fortuitous cancellation, to some extent, of the effects of and ξ ab . Note that in the highly anisotropic cuprates such as Bi2212, Bi2223, Tl2223 and Hg1223, the in-plane coherence lengths are not as large. Thus, in these cuprates, one can still observe the two-dimensional nature caused by a large anisotropy (see figure 2) . Following the same analysis, one can see that in figure 2, the effect of the large in κ-(ET) 2 Cu(NCS) 2 may be diminished by the effect of its large ξ ab , while for LSCO and YBCO, the small anisotropy ratios still reveal their significance. Consequently, the order parameters of κ-(ET) 2 Cu(NCS) 2 , LSCO and YBCO demonstrate the threedimensional (or quasi-three-dimensional) behaviour. Note that the structure parameters such as the large d S in κ-(ET) 2 Cu(NCS) 2 (∼15 Å) and the small D in LSCO (∼6.6 Å) perhaps also have some influences on the corresponding order parameters.
The order parameter of MgB 2 shown in figure 2 is almost constant, confirming the isotropic property of the superconductor [3, 26, 40] .
This constant behaviour is quite consistent with that of the conventional BCS [41] superconductors. In fact, there has been convincing evidence (isotope effect) that MgB 2 is a BCS-type superconductor [42] 4 . As for the electron-doped NCCO, the obtained order parameter is also constant, which is consistent with the experimental evidence that NCCO is more toward a conventional superconductor [14, 24, 44] .
We conclude that among the studied layered superconductors, the highly anisotropic cuprates are essentially weakly-linked twodimensional superconductors (in which the order parameters in the I layers are small), while the other superconductors exhibit a stronger interlayer coupling [1, 2] .
Features of the order parameters presented in figure 2 may help interpret the observed trend in figure 1 . For most of the superconductors, we may take the width of the order parameter peaks as the coherence length ξ c . It can be seen from figure 2 that such ξ c of HTSs are generally smaller than those of LTSs (this trend can also be observed in table 1). Hence, as far as ξ c is concerned, B c2 of HTSs should be generally larger than those of LTSs, according to the AGL model (B c2 ∼ 1/ξ c ).
Gor'kov has shown that the GL order parameter is proportional to the gap parameter [45] , which, in a sense, may be related to the BCS gap proportional to T c [41] (the superconducting gap generally increases with T c , see table 9.3 in [14] ). From figure 2, one can see that the superconducting order parameters (D/2) of HTSs are generally larger than those of LTSs. Interestingly, Hg1223, having the highest T c among the studied superconductors, does indeed have the largest energy gap (75 MeV, see table 9.3 in [14] ), the largest (D/2) (see figure 2) , and the largest B c2 (see figure 1) . We shall now focus on issues relating to MgB 2 . The experimentally extrapolated B c2 at 0 K of MgB 2 is about 12.5 T [27] . To compare with this value, we find that it is necessary to set ε M and ε m to be very large (meaning M S , but the ratio M ⊥ /m can still be small). In figure 3 , we present the calculated results of MgB 2 . In the whole temperature range, the calculated B c2 is found to be well fitted by a square-root relation 5 (see the full curve), indicating a negative curvature 6 (which is quite conventional in LTSs). Comparison with the experiment of Finnemore et al [27] shows that our calculations are in reasonably good agreement with the experiment, though our values are generally larger. It is noteworthy that the usual approaches used to extract B c2 from transport and magnetic measurements may lead to an underestimation of B c2 [48] . 5 In one of the earliest papers [46] , Ginzburg and Landau correctly predicted that B c2 for thin films varied as √ T − T c as T → T c , as a consequence of the boundary conditions. Note that our boundary condition (equation (3b)) may also be applicable to thin films. 6 The curvature of B c2 -T in HTSs is controversial and still remains to be tested, for example, see [47] .
Presented in figure 4(a) are the calculated order parameters for MgB 2 , YBCO and Hg1223 at different reduced temperatures (T /T c = 0, 0.5 and 0.9). For the three superconductors, ε M and ε m are again set to correspond to the fixed ν M and ν m [1] . It can be seen that the order parameters of MgB 2 do not significantly change with temperature 7 . The order parameters of Hg1223 at low temperatures are mainly confined in the S layer but as temperature increases, they begin to slowly spread into the neighbouring I layers. YBCO is an intermediate case: the order parameters are not as constant as those of MgB 2 and do not spread out as slowly as those of Hg1223.
Depicted in figure 4(b) are the calculated B c2 -T curves for MgB 2 , YBCO and Hg1223. We find that, except in the vicinity of T c , the B c2 -T plot of Hg1223 is linear 8 . Near T c , it exhibits a square root behaviour. For MgB 2 , the B c2 -T plot is squareroot-like over the whole temperature range. B c2 -T of YBCO is again an intermediate case: it is linear at low temperatures but demonstrates the square root behaviour at a relatively low reduced temperature compared with Hg1223. One can see that our calculations are self-consistent: the calculated B c2 -T features are correlated to the obtained order parameter behaviours. The linear feature of B c2 -T at low temperatures indicates that the value of B c2 at 0 K is finite and cannot be divergent, although it can be high (such high B c2 at 0 K may be the reason for the experimental observation that there is no evidence of saturation in B c2 in the low temperature limit, for example, see [49] ). The square root behaviour near T c clearly indicates that the negative curvature may exist in the upper critical fields of HTSs, which is consistent with some experiments, for example, see [49, 50] .
Lastly, we shall qualitatively discuss the experimental phenomena observed by Ando et al [49] . The negative curvatures of the temperature dependences of their LSCO and YBCO critical fields (at which the resistivity equals 80 and 90% of the normal-state resistivity, see figure 4 in [49] ) are quite similar to what we have obtained for LSCO and YBCO 9 . However, in the experiment, the negative curvatures were not present in both the onset and the 10% critical fields of LSCO and YBCO and in all of the critical fields of the highly anisotropic Bi2212. It is likely that the onset and the low percentage critical fields (possibly related to the irreversibility lines [49] ) could not reflect the nature of the upper critical field while the high percentage critical fields could. Our calculations show that the calculated B c2 -T of Bi2212 is quite like that of Hg1223 as shown in figure 4(b) ; namely, it is 7 According to our calculations, the order parameter becomes broader as the temperature increases so that near T c , it displays a constant behaviour and does not vary significantly with temperature, indicating a three-dimensional behaviour. 8 The Gaussian function, exp[−(z − D/2) 2 /ξ 2 c ], is found to give a good fit to the obtained order parameters of the highly anisotropic cuprate HTSs (especially, at low temperatures), while the function exp[−B c2 (z − D/2) 2 ] may be treated as the eigenfunction of the linearized GL equation (for example, see [8] ). If the two functions are equivalent to a certain degree, one would have B c2 ∝ 1/ξ 2 c . For Hg1223 and Bi2212 (not too near T c ), we find that 1/ξ 2 c ∝ 1 − (T /T c ), hence B c2 ∝ 1 − (T /T c ). 9 Using 61 T pulsed magnetic fields, Ando et al [49] resistively studied the perpendicular B c2 of LSCO, YBCO and Bi2212. Due to experimental difficulties (no extremely high magnetic field and no high-quality single crystals), systematic data on the parallel B c2 (especially at low temperatures) are usually lacking. Note, however, that in the AGL model, the parallel B c2 can be related to the perpendicular B c2 by a constant anisotropy ratio . linear in a large temperature range, but more square-rootlike (negative curvature) close to T c . The experimental B c2 behaviour (positive curvature) in Bi2212 might be a deviation from the linear feature (possibly serving as evidence for the underestimation of B c2 [48] ). When the temperature is quite near T c , the negative curvature might be experimentally observable in Bi2212, by adopting a higher percentage criteria (perhaps much larger than 90%). Another possible way to observe the negative curvature in Bi2212 might be through the reduction of the anisotropy of the superconductor, for example, by doping.
Conclusion
We have performed extensive computations of the parallel upper critical fields and the associated order parameters for various layered superconductors within a CGL model. The obtained B c2 results of MgB 2 are quite consistent with those from the experiment of Finnemore et al. The features of the calculated B c2 -T curves of MgB 2 , YBCO and Hgl223 are square-root-like, linear and square-root-like (near T c ), and linear (except extremely near T c ), respectively, in association with the three-dimensional, quasi-three-dimensional and twodimensional order parameter behaviours of the corresponding superconductors.
